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ABSTRACT. We investigate the relationship between conformal and spin structure on lorentzian 
manifolds and see how their compatibility influences the formulation of rigid supersymmetric 
field theories. In dimensions three, four, six and ten, we show that if the Dirac current associ- 
ated with a generic spinor defines a null conformal Killing vector then the spinor must obey a 
twistor equation with respect to a certain connection with torsion. Of the theories we consider, 
those with classical superconformal symmetry in Minkowski space can be reformulated as rigid 
supersymmetric theories on any lorentzian manifold admitting twistor spinors. In dimensions 
six and ten, we also describe rigid supersymmetric gauge theories on bosonic minimally super- 



symmetric supergravity backgrounds. 

O Contents 
<N 

Oh 1. Introduction [2] 

D 

C/3 2. Clifford algebra and spinor conventions on lorentzian manifolds S] 

3. Twistor spinors on lorentzian manifolds [6] 

4. Rigid supersymmetry and conformal coupling |5] 
*S 5. d = 3 HD 

Oh 5.1. Gauge supermultiplet [12] 

5.2. Matter supermultiplet [I5J 

^ 6. d = 4 M 

6.1. Yang-Mills supermultiplet [T5J 

6.2. Matter supermultiplet [16] 
^f- 7. d = 6 M 

7.1. Yang-Mills supermultiplet [15] 
7.1.1. Supergravity backgrounds [20] 

7.2. Matter supermultiplet EH 
Censor supermultiplet [22] 

^ 8. d = 10 El 

8.1. Yang-Mills supermultiplet [25] 

8.1.1. Supergravity backgrounds [27] 

8.1.2. Decoupling limit of Chapline-Manton theory [2"51 
Acknowledgments 1251 
References [25] 



Ztoe: 28th September 2012. 



1 



2 



DE MEDEIROS 



1. Introduction 

Supersymmetry continues to provide a powerful framework for the precise understanding of 
many important structures in quantum field theory. Given a field theory with rigid supersym- 
metry in flat space, it is often possible to couple it to supergravity in such a way that it retains 
local supersymmetry in curved space. It is well-known that supersymmetric couplings of this 
kind can be induced holographically in a superconformal field theory in Minkowski space that 
is dual to a string theory in an asymptotically anti-de Sitter background. A goal which has 
attracted an increasing amount of attention in the recent literature is the characterisation 
of rigid supersymmetry for field theories in curved space [JHZJ- This is a natural question 
which has been addressed in several isolated cases some time ago (e.g. see [8,91 and references 
therein). 

Recent interest in this topic stems primarily from the impressive results obtained by Pestun 
in JlO| for Wilson loops in maximally supersymmetric Yang-Mills theory on S 4 . The calculation 
was accomplished by using a rigid supersymmetry of the theory on S 4 to localise the path 
integral and reduce it to an exactly solvable matrix model. A key ingredient is the contribution 
from non-minimal curvature couplings that are required to realise rigid supersymmetry on 
S . The scalar curvature plays the role of an infrared regulator in correlation functions. This 
localisation technique has since been replicated in several other contexts to yield many more 
important exact results. For example, in 12| it was applied to superconformal Chern- 



Simons theories on S 3 , heralding many breakthroughs in our understanding of M2-branes. 
More recently, it has also been used in the context of rigid supersymmetric gauge theories on 



<S 5 [13-161 to confirm a number of expected properties for M5-branes [17 18fl . 

The broad scope for potential applications of this localisation technique in a wider class of 
rigid supersymmetric field theories in curved space has motivated a more systematic review 
of their construction. The strategy advocated by Festuccia and Seiberg in [1] has led the way. 
In four dimensions, they described how a large class of rigid supersymmetric non-linear o- 
models in curved space can be obtained by taking a decoupling limit (in which the Planck 
mass goes to infinity) of the corresponding locally supersymmetric theory coupled to minimal 
supergravity. In this limit, the gravity supermultiplet is effectively frozen out, leaving only the 
fixed bosonic supergravity fields as data encoding the geometry of the supersymmetric curved 
background. Following this paradigm, several other works |2]-[7p have explored the structure 
of rigid supersymmetry for field theories in three and four dimensions on curved manifolds 
in both euclidean and lorentzian signature. Since the localisation technique described above 
is most straightforwardly applied on compact manifolds, the natural focus of much of this 
work has been on the riemannian case though the lorentzian case, which is more suited to 
holographic applications, is also treated specifically in 



For a supersymmetric field theory in four-dimensional Minkowski space, there is a well-defined 



recipe [19[ for analytically continuing to euclidean signature in the path integral. For super- 
multiplets involving Majorana fermions in lorentzian signature, at the classical level, the naive 
Wick rotation to euclidean signature is compatible only with a complexified form of the original 
supersymmetry algebra, effectively doubling the number of fermionic degrees of freedom. The 
balance can be restored classically by performing another Wick rotation with respect to the R- 
symmetry to recover a different real form of the original superalgebra in euclidean signature. 
Alternatively, as in ]19[ , one can restore the balance at the quantum level by summing over 
only a chiral projection of the complexified fermions in the path integral. For rigid supersym- 
metric field theories in curved space though, the relationship between lorentzian and euclidean 
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signature is typically less transparent and some critical distinctions in four dimensions were 
clarified in [[6j[7j. 

The aim of this paper is to investigate the relationship between conformal and spin struc- 
ture on lorentzian manifolds, and how their compatibility influences the formulation of rigid 
supersymmetric field theories. To this end, we will focus on some well-known minimal su- 
permultiplets in spacetime dimensions three, four, six and ten. On a curved lorentzian spin 
manifold, a field theory with a rigid symmetry generated by at least one spinor supercharge 
will be referred to as being minimally supersymmetric. This should be contrasted with the 
situation in Minkowski space where minimal supersymmetry means that the number of lin- 
early independent supercharges equals the dimension of the spinor representation to which 
the supercharges belong. In dimensions three and four, we shall recover no more than what is 
already known in the literature. At least by way of review, this should help contextualise some 
of the new results we obtain in dimensions six and ten within a more general framework. If a 
field theory on a lorentzian spin manifold has a rigid supersymmetry generated by a spinor 
e and its associated Dirac current £ generates a null conformal isometry of that is compat- 
ible with the spin structure, we will see that e must obey a twistor spinor equation with respect 
to a certain connection with torsion, whose form is dictated by the isotropy group of e. We will 
investigate the integrability conditions resulting from this twistor spinor equation and identify 
maximally supersymmetric solutions in dimensions three, four and six. For theories with clas- 
sical superconformal symmetry in Minkowski space, we show how their conformal coupling on 
a lorentzian spin manifold gives a rigid minimally supersymmetric field theory provided the 
supersymmetry parameter is a twistor spinor. In dimensions six and ten, we also describe the 
formulation of rigid minimally supersymmetric Yang-Mills theory on bosonic supersymmetric 
backgrounds of the corresponding minimal Poincare supergravity theories. 

For the most part, the rigid supersymmetry we describe in dimensions three, four, six and 
ten is very much predicated on the special properties of spinors in lorentzian signature. It is 
possible that some of these results could be transplanted into euclidean signature though we 
will not investigate that possibility here. In conformity with much of the existing literature, 
we shall ignore total derivative terms which arise from varying lagrangians. A systematic 
treatment of consistent supersymmetric boundary conditions for field theories on the class 
of lorentzian spin manifolds of interest is well beyond the scope of the present work. It is 
also perhaps worth emphasising that our analysis will be entirely classical. In dimensions 
greater than four, the supersymmetric field theories we consider are of course not expected 
to be perturbatively renormalisable and should only be thought of as the low-energy effective 
description in cases which admit a consistent ultraviolet completion. 

The organisation of this paper is as follows. In section [2] we describe conventions and review 
some useful properties and identities for Clifford algebras and spinor representations in lorent- 
zian signature. Section [3] contains a brief review of twistor spinors on lorentzian manifolds, 
focussing on pertinent classification results together with several special cases and general- 
isations that will be used in later sections. Section [4] describes our field theory conventions 
and illustrates the relationship between rigid supersymmetry and conformal coupling using 
the simple example of a free scalar supermultiplet. We then proceed to apply these ideas in 
the construction of rigid minimally supersymmetric field theories in dimensions three, four, 
six and ten. Section [5] describes the construction of off-shell gauge and matter supermultiplets 
on lorentzian three-manifolds admitting a twistor spinor (or a Killing spinor in the case of the 
supersymmetric Yang-Mills lagrangian). Section [6] does likewise for off-shell Yang-Mills and 
matter supermultiplets on lorentzian four-manifolds admitting a twistor spinor. In this case, 
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if the Dirac current associated with the supersymmetry parameter generates a conformal iso- 
metry of the four-manifold then the supersymmetry parameter must obey a twistor spinor 
equation with respect to the same superconnection derived from minimal conformal super- 
gravity in four dimensions (a result which was first obtained in [61). In section[7[ we construct 
off-shell Yang-Mills and on-shell matter and tensor supermultiplet couplings on lorentzian 
six-manifolds admitting a twistor spinor. We also describe how to accommodate a supersym- 
metric Yang- Mills lagrangian for a special type of algebraic twistor spinor in six dimensions. 
Furthermore, we construct non-minimal couplings which define the off-shell Yang-Mills super- 
multiplet on any bosonic supersymmetric background of minimal Poincare supergravity in six 
dimensions. In section [8j we construct the on-shell Yang-Mills supermultiplet on any bosonic 
supersymmetric background of minimal Poincare supergravity in ten dimensions. We also com- 
ment on the obstructions to formulating Berkovits' (partially) off-shell version of this theory 
on a ten-dimensional lorentzian spin manifold when the rigid supersymmetry is generated by 
generic twistor spinors. Sections 7.1.1 and 8.1.1 contain a brief synopsis of the classification of 
bosonic supersymmetric solutions of minimal Poincare supergravity in dimensions six and ten. 
Finally, in section 8.1.2 we conclude with a brief summary of how the aforementioned rigid 
minimally supersymmetric Yang-Mills multiplet in ten dimensions follows from a particular 
decoupling limit of the locally supersymmetric Chapline-Manton theory. 



2. Clifford algebra and spinor conventions on lorentzian manifolds 

We take Minkowski space IR 1 ' 01-1 to be equipped with mostly plus signature flat metric rjp V = 
diag(-l, + l,..., + l) and orientation tensor £oi...d-i = -e 01 - d_1 = +1. It is worth noting the iden- 
tity £ji 1 ...^i k p k+1 ... Pd £ Vl '" VkPk+1 '" Pd = -kl(d-k)l6^...5 v K, where indices are raised using the inverse 
metric T]^ v . 

The Clifford algebra C^(l,d - 1) contains elements that are subject to the defining relation 
T^r v + TyT^ = 2t]^ v 1. A convenient basis for the Clifford algebra is given in terms of elements 
IVi - w. = r^i"-!^], where square brackets denote skewsymmetrisation with weight one. Let us 
christen d = LkJ. Henceforth, it will be convenient to work with the 2°-dimensional irreducible 
representation of C^(l,d - 1), wherein correspond to gamma matrices. 

Some useful identities are 

r^r Vl ... Vji! = r jUVl ... VA + krjp Vl T V2 ^_ Vk 

(-1) T Vl _ Vk Tfj, = r jUVl ...vj -krj^ Vl T V2 ^_ Vk 

^ tiv^ p\...p k = ^j.ivpi...p k - 2k T]n Pl T V p 2- „p k - k(k - l)T]pp 1 ri V p 2 Tp 3 ^.p k (1) 
r Pi.-PfcT ^ v = Fp Vpi ,..p k + 2kri tl p 1 T V p 2 _^p k -k(k - 1)T] y, Pl T]y p2 T p 3 ...p k 



inf(k,l) 

r M r n ^= £ (-D km a m m\ 

m=0 



'I 



m 



r lp,iVi--- r l Pm v rn ^ Pm+1 ...p k v m+1 ...vi ■ 



Obvious skewsymmetrisation of indices on the right hand side in <[T]> has been omitted and it 
is the sign function 

a m = (-l) mim+1)/2 , (2) 
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with d\ = o<i = -1, 03 = 04 = +1 and a m = o m+ ± that appears on the right hand side of the last 
expression in <[T]>. The lorentz subalgebra so(l,d - 1) < C^(l,d - 1) is spanned by M pv = ^T^ v , 
obeying [M pv ,M pa ] = -t] pp M va + t] vp M pa + r) pa M vp - T] va M pp . 

For any e A*0* 1,d_1 , let = ^&^ k T^... Pk e C£(l,d- 1) and ||0|| 2 = ^0 W " W W ... W . Com- 
ponents of the Hodge dual *0 e /\ d ~ k U 1 ' 6 ' 1 are *e w ... /Jd _, = ^ ^i... W -*v d _, +1 ...v d Vd -* +1 - Vd . 

Involutions of the Clifford algebra are generated by T p >-* crxXT^X -1 , where ax is a sign and 
X g GL(2°) in the gamma matrix representation. Let us fix a basis in this representation 
such that the gamma matrices are unitary, i.e. = = -ToT^r . Under transposition, 

= ocCr^C -1 , in terms of charge conjugation matrix C obeying C f = ctqC. For d odd, ac = 
(-1)° while for d even we can take uq = -1. This representation is preserved by conjugating 

1-* Ur^U^, together with C >->• U*CU, for any unitary matrix U e U(2°). This invariance can 
be used to fix C^C = 1. Under complex conjugation, T* = obBF^B -1 , where B is proportional to 
TqC and <tb = -<Jc- By fixing the coefficient of proportionality such that B is unitary, it follows 
that B*B = crc^o 1 and B^C = a C (Jv T°. 

The complexified action of soil, d - 1) < C£(l, d - 1) in the 2° -dimensional representation defines 
the Dirac spinor representation. The Dirac conjugate yrT° of a (fermionic) Dirac spinor yr 
defines a lorentz-invariant hermitian inner product on C . 

The reality condition yr* = By/ can be imposed on a non-zero Dirac spinor yr only if B*B = 1. 
It defines the Majorana spinor representation. In this case, B corresponds to a real structure 
on C 2 ° and requires crcco = 1 which occurs only in d = 1,2, 3, 4 mod 8. Let yr = y/ t C denote the 
Majorana conjugate of yi. When y/* = By/, the Dirac and Majorana conjugates of yi are identical 
and the associated hermitian inner product on C 2 is compatible with the real structure B only 
if o"o = -1. Whence, Majorana spinors exist only in d = 2, 3,4 mod 8. Indeed these are precisely 
the dimensions in which C^(l,d - 1) is isomorphic to a matrix algebra over U. For example, 
C£(l, 1) = Mat 2 (R), C^(l,2) = Mat 2 (K) © Mat 2 (R) and C£(l,3) = Mat 4 (ffS). 

Let {e^} denote a basis on C 2 , equipped with the canonical action of usp(2) = u(2)nsp(2, C) which 
preserves a complex symplectic form with components eab (normalised such that £12 = 1). 
Given a non-zero element yi = y/ A eA, built from a pair of complex Dirac spinors (y/ 1 ,^ 2 ) 
which transform in the defining representation of usp(2), one may impose an alternative real- 
ity condition (y/ A )* = £AB^ty B only if B*B = -1. It defines the symplectic Majorana spinor 
representation. In this case, B corresponds to a quaternionic structure on C 2 and requires 
ccco = -1 which occurs only in d = 5,6, 7, 8 mod 8. When (y/ A )* = eab^Vs 8 , the Dirac conjugate 
of y A equals eab ty B and the associated hermitian inner product on C 2D is compatible with the 
quaternionic structure B only if o-q = 1. Whence, symplectic Majorana spinors exist only in 
d = 6,7,8 mod 8. Indeed these are precisely the dimensions in which C^(l,d - 1) is isomorphic 
to a matrix algebra over H. For example, C/(l,5) = Mat 4 (H) , 0/(1,6) = Mat 4 (H) © Mat 4 (H) and 
Cf(l,7) = Mat 8 (H). 

For d even, the chirality matrix T e C£(l,d — 1) is defined such that T 2 — 1 and TT^ — — T p T. 
The element Tori-.Td-i squares to -0d-i 1 and anticommutes with T p . One can therefore take 
T = ±r'ori...r c j-i in d = 2 mod 4 and T = ±i r'ori...r c )-i in d = 4 mod 4. One can define projection 
operators P+ = ^(1±T) and the chiral projections y/+ = P+V of a Dirac spinor yr are Weyl 
spinors with ± chirality (i.e. Tyr+ = ±y/±). Since T* = BTB -1 in d = 2 mod 4 and T* = -BTB -1 
in d = 4 mod 4, a Dirac spinor can be simultaneously Majorana and Weyl only in d = 2 mod 8 or 
simultaneously symplectic Majorana and Weyl only in d = 6 mod 8. 
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Given a non-zero bosonic Majorana spinor e, CT^ is symmetric so the one-form bilinear = 
eY^e is non-zero. Similarly, given a non-zero bosonic symplectic Majorana spinor e, CT^ is 
skewsymmetric so the one-form bilinear ^ = eab£ A T ^e 8 is non-zero. In either case, £, is real 
(via the identity B*C*B = C) and will be referred to as the Dirac current of e. In Minkowski 
space, the vector defined by a Dirac current is either timelike or null. Moreover, £ is null only 
if <?e = andee = 0. 

This is so if e is Majorana in d = 3,4, symplectic Majorana-Weyl in d = 6 or Majorana-Weyl 
in d = 10. In precisely these four cases, the map n : e <->■ <; has an interesting structure. The 
set of spinors e with unit norm describes a (2d - 5)-sphere. The image of this sphere under 
n describes a 'celestial' S d ~ 2 c [R 1 ^ -1 , for which the timelike component of £ is fixed. Indeed, 
for d = 3,4,6, 10, the map defines a bundle n : S 2d ~ 5 — ► S d ~ 2 , whose typical fibre is isomorphic 
to S . By Adams' theorem, these four bundles are therefore naturally identified with the 
Hopf fibrations associated with the four division algebras U, C, H and O (although the non- 
associative octonionic structure is not compatible with the real structure of Majorana-Weyl 
spinors in d = 10). 

On a general spin manifold j$ with lorentzian metric g, we define an orthonormal frame 
bundle in terms of vielbeins with g^ v = This frame bundle is chosen such that 

it preserves the spin structure on i.e. at each point in the matrix (e") e Spin(l,d - 1). 

The expressions described above on IR 1 ^ -1 can be extended to ^# in the obvious manner with 
respect to this frame, using vielbeins to transform between general coordinate indices /i,v, ... 
and local lorentz indices a, ($,.... Partial derivatives on IR 1 ^ -1 become covariant derivatives 
with respect to the Levi-Civita connection V on The action of V on a spinor e is given by 
V^e = d^e + \u>°^ T a pe, where the spin connection co^ is defined by de a + oj a ^ A e@ = 0. Given 
a field theory in Minkowski space, implementing the extension above gives a covariant field 
theory on J% that we will refer to as being minimally coupled. 

At a point in ^ , let H e denote the stabilising lie subgroup of Spin(l,d - 1) transformations 
which preserve a given non-vanishing spinor e. Let f) e < so(l,d - 1) denote the corresponding 
isotropy lie algebra of e at that point. Now assume that e defines a nowhere-vanishing section 
of the spinor bundle on which has the same stabiliser H £ at each point in This defines 
a so-called G-structure on with G = H £ . It allows one to reduce the structure group of the 
frame bundle on from Spin(l,d - 1) to H e . There is a homogenous space Spin(l,d - 1)/H e of 
possible reductions. For a given reduction, it can be shown that there must exist a connection 
V' on the reduced spinor bundle with respect to which e is parallel. Furthermore, the difference 
between the action of V' and V on e is given by an algebraic element, the intrinsic torsion x e 
T* \Jt ' %\ e , where \ e =so(l,d - l)/f) e . See [ |20| for a pedagogical introduction to this construction 
and related concepts. We shall make use of these results in our subsequent analysis. 



3. TWISTOR SPINORS ON LORENTZIAN MANIFOLDS 

A spinor e on ^ is called a conformal Killing (or twistor) spinor if it obeys V^e = Jl^Ve. The 
Dirac current if of a twistor spinor e defines a conformal Killing vector, obeying V^y + V v £„ = 
IgjUvVp^. We defer to B21p2| and references therein for a comprehensive introduction to twis- 
tor spinors on lorentzian manifolds. In Minkowski space, a twistor spinor is necessarily of the 
form e = eo+x^T^e^, in terms of a pair of constant spinors eo and ei. For a superconformal field 
theory in Minkowski space, a supersymmetry transformation with twistor spinor parameter e 



RIGID SUPERSYMMETRY, CONFORMAL COUPLING AND TWISTOR SPINORS 



7 



gives the action of the Poincare and conformal supercharges with constant parameters cq and 
ei respectively. 

Let R a p = dbi a p + a) a r A co r p denote the Riemann curvature of the Levi-Civita connection on jtft . 
In a coordinate basis, the Weyl tensor is W pvpa = R pvpa + g Pp K va - g yp K pa - g^„K vp + g va K w , 
written in terms of the Schouten tensor K^ v = |-i?^ v + 2(d-i) ^f lv ^] w ^h Ricci tensor R^ v = 
Rnpvog pa and scalar curvature R = R^g^ . Integrability of a twistor spinor e on ^£ constrains 
the Weyl tensor such that 

W^paT^e = , J WwaT^Ve = C pvp T p e , (3) 

where C pvp = V^Kyp - VyK^p is the Cotton- York tensor. The maximum number of linearly 
independent twistor spinors on ^# is 2 0+1 . Furthermore, from proposition 3.2 in | |2l| , it follows 
that this bound is saturated locally only if j$ is conformally flat, with vanishing Cotton-York 
tensor for all d > 3. However, if j$ is not simply connected, there can exist global obstructions. 
For example, while IR 1 ^ -2 xS 1 is locally isometric to D? 1,d_1 , a local twistor spinor e = eo+x^T^ei 
on [R 1 ' 01-2 x S 1 is only single-valued when e\ = 0. 

A Killing spinor is a special type of twistor spinor. If d is odd, a Killing spinor e obeys Ye = 
ae, for some constant a. If d is even, the chiral projections of a Killing spinor e obey Ue+ = 
a+e+, for some constants a+ that are related to each other by complex conjugation if e is 
Majorana. The Dirac current ^ of a Killing spinor e defines a Killing vector, obeying V^£ v + 
V v £/i = 0. Riemannian manifolds admitting Killing spinors were classified in [23j24| and the 



cone construction of ]24p has been utilised for lorentzian manifolds admitting Killing spinors 
in [|25j[26]|. 

A spinor that is parallel with respect to V, i.e. V^e = 0, is a special type of Killing spinor (with 
Killing constant equal to zero). By definition, a chiral Killing spinor is necessarily parallel. 
In Minkowski space, a Killing spinor is necessarily d-parallel, whence constant. Lorentzian 
manifolds admitting parallel spinors can be classified according to the holonomy of V. This 



method was pioneered in [ |27}|28| | and a recent survey of the classification can be found in [29 |. 

The classification in d > 3 of all local conformal equivalence classes of lorentzian spin mani- 
folds admitting generic twistor spinors without zeros was established by Leitner in [301 (see 
also P3 1J for a nice review). There are five different classes, all of which admit global solutions, 
with j% being locally conformally equivalent to either 

1) The product of R 1 * 1 with a riemannian manifold admitting parallel spinors. 

2) A lorentzian Einstein-Sasaki manifold. 

3) The product of a lorentzian Einstein-Sasaki manifold with a riemannian manifold admitting 
Killing spinors. 

4) A Fefferman space. 

5) A Brinkmann wave admitting parallel spinors. 

In cases (1) and (5), each twistor spinor is parallel and the associated Dirac current is respect- 
ively timelike and null. In case (2), each twistor spinor is the sum of two Killing spinors and 
the associated Dirac current is timelike. In case (4), the Fefferman space is even-dimensional 
and admits two linearly independent twistor spinors. The associated Dirac current is a regular 
null Killing vector on Conversely, from proposition 4.4 in [22], if ^ is indecomposable and 
admits a twistor spinor e whose Dirac current £ is a regular null Killing vector then ^^ v i?^ v is 
constant and non-negative. Case (4) follows if ^% v R pv > while case (5) follows if ^CRpv = 0- 
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A more general first order differential equation for e is of the form V^e = M^e, where is an 
algebraic operator which can be thought of as a C^(l,d - l)-valued one-form on Spinors 
of this type often arise when is a bosonic supersymmetric background of some Poincare 
supergravity theory (i.e. the defining condition comes from setting to zero the Poincare su- 
persymmetry variation of the gravitino and typically involves various background fluxes). 
There can of course be further algebraic constraints on the supersymmetry parameter from 
setting to zero the supersymmetry variations of any lower spin fermionic supergravity fields, 
e.g. the dilatino. As was pioneered in [ 1] for non-linear a -models in d = 4, an effective strategy 
for finding rigid supersymmetric field theories on curved spaces is by taking a certain global 
limit (where the Planck mass goes to infinity) of a locally supersymmetric field theory coupled 
to supergravity. Indeed, one can follow a similar path for field theories coupled to conformal 
supergravity. In that case, setting to zero the combined Poincare and conformal supersym- 
metry variation of the gravitino gives a twistor spinor equation f^e = h T^e, with respect 
to a certain superconnection ^ = + involving a C£(l,d - l)-valued one-form that is 
specified by the fields appearing in the particular conformal supergravity background in ques- 
tion. For example, in d = 4, the minimal off-shell conformal supergravity theory contains a real 
abelian one-form and is proportional to ia^T in the associated conformal supergravity 
background. 

Of course, for a given nowhere-vanishing spinor e with global isotropy group H £ , it is always 
possible to use the if e -structure to adapt a local basis such that V^e = T^e, in terms of the 
intrinsic torsion t g T*^ ® t e . Indeed, it is precisely the local identification of the action of 
and on e for bosonic supersymmetric supergravity backgrounds which often allows them to 
be classified. In our forthcoming analysis, we will employ a similar strategy to derive a twistor 
spinor equation in d = 3,4,6,10 for a rigid supersymmetry parameter e involving a certain 
connection with torsion on the spinor bundle, assuming only that its associated Dirac current 
£ defines a null conformal Killing vector. In each case, the isotropy algebra t) e = Q e x IR d ~ 2 , 
where Q e < so(d - 2) is the isotropy algebra of a non-zero spinor in K d ~ 2 . In d — 3,4, q £ is trivial. 
In d = 6, Q e is isomorphic to su(2) < so(4). In d = 10, q £ is isomorphic to so(7) < so(8). We will 
see that the associated connection ^ = + 1^ with respect to which e obeys a twistor spinor 
equation must have a rather specific kind of torsion t e {T* ^ ®so(d - 2)/$j e ) © q £ c T* \Jt ® t e . 

4. Rigid supersymmetry and conformal coupling 

It will be convenient to the take the supersymmetry parameter e to be a commuting spinor in 
our forthcoming analysis. A supersymmetry transformation 8 e will therefore act as an odd de- 
rivation on fields in the supermultiplet. In a rigid supersymmetric field theory on ^K, off-shell 
closure of the supersymmetry algebra means that £ 2 must act as an even derivation on fields 
in the supermultiplet which generates a symmetry of the theory. (On-shell closure means that 
the previous statement holds only up to equations of motion.) []] We will see that this even sym- 
metry generically involves several contributions including a diffeomorphism which preserves 
the spin structure, an R-symmetry and a gauge transformation on It may also include a 
Weyl transformation if the supersymmetry transformations for the theory are Weyl-covariant. 

^It is perhaps worth spelling out precisely how the conventional supersymmetry algebra is recovered from this 
approach. Take e = xi, with k some constant fermionic scalar parameter multiplying fermionic spinor e. Given 
any pair of commuting spinor parameters €\ and £2 for which the supersymmetry algebra closes, it must also close 
for any linear combination of e\ and e<i- Closure of the polarisation <5f 1+e „ -8\ -8\ = S ei 8 e2 + 8 e2 8 ei = k\%2 [8t lt 6e 2 ] 
is therefore guaranteed for the commutator of the associated conventional supersymmetry transformations d? 1 
and 8g 2 , which act as even derivations on fields in the supermultiplet. 
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The vector £, defined by the Dirac current of e parameterises the infinitesimal diffeomorphism 
and Weyl contributions respectively in terms of the lie derivative C$ and the Weyl variation 
8 a , with parameter a = - -j V^^. The contribution from gauge variation 5 a comes with para- 
meter A = -^Afi, where A^ is the gauge field. Typically S, will correspond to a (conformal) 
Killing vector on in which case L^if/ = <^V jU i// , + j(V ^ v )T^ v y/, acting on any spinor y/. This 
corresponds to the spinorial lie derivative | [32| - [34| , an operation which provides the natural 
(conformally) isometric action that is compatible with the spin structure on j$ . 

A minimally supersymmetric Yang-Mills multiplet in Minkowski space IS 1 ' 01-1 contains only a 
bosonic gauge field A„ and a fermionic gaugino A. Both fields are valued in a real lie algebra 
g with lie bracket [-, -]. To define a lagrangian, one also requires a g-invariant inner product 
on g, that will be written (-, -). The gauge field has d - 2 real on-shell degrees of freedom. The 
number of real on-shell degrees of freedom of the gaugino is 2° if it is symplectic Majorana, 
2 3_1 if it is Majorana, Weyl or symplectic Majorana- Weyl, or 2 3-2 if it is Majorana-Weyl. The 
number of bosonic and fermionic degrees of freedom therefore only match in dimensions d = 
3,4,6,10, where A must be respectively Majorana, Majorana (or Weyl), symplectic Majorana- 
Weyl, Majorana-Weyl. 

Let (p be a matter field valued in some representation V of g. In terms of the action • of g 
on V, we define D^cp = d^cp + A^ • (p. This transforms covariantly as SaW^c/)) = - A • D^(p under 
infinitesimal gauge transformations 8aA^ = D^A and 8a4> = —A-cp, for any g-valued function A. 
The action of g on itself is defined by the adjoint representation so that A^- A = [A^, A]. The field 
strength F^ v = \_D^,D V ] = d^A v - d v A^ + [A^,A V ] transforms covariantly as SaF^v = [F^ v , A]. To 
define a lagrangian for matter fields, one typically also requires a symmetric g-invariant inner 
product on V, that will be written <-, ->. 

A classical field theory on D? 1,d_1 , whose fields <D have dimensions A<j>, is scale-invariant if it is 
preserved by transforming each <D <->■ e A<tCr <D, for any constant a. On IR 1 ^ -1 , has dimension 1 
while and are dimensionless. In a minimally supersymmetric Yang-Mills multiplet on 
IR 1 ' 01-1 (with g non-abelian), the gauge field A^ has dimension 1, the gaugino A has dimension 
| and the supersymmetry parameter e has dimension -|. This ensures the supersymmetry 
transformations scale covariantly, though the integral of the supersymmetric Yang-Mills lag- 
rangian is only scale-invariant in d = 4. A field theory on ^# is Weyl -invariant if it is preserved 
by transforming each field O <->■ e w,t(7 <$>, for any function a on jtft and for some assignment of 
constant weights to fields O. The infinitesimal action of this Weyl transformation will be 
written 5 ff O = ifocrO. On it is conventional to assign weight 1, whence g^ v has weight 
2 and has weight 1. It is useful to note that 

(d + Do- (d-l)cr 

Y 7 — e 2 We 2 

v^-Jr^-ei (v p -ir M y)e-l , (4) 

under a Weyl transformation on when acting on spinors. An immediate corollary of the 
second transformation above is that the defining equation for a twistor spinor e is Weyl- 
invariant provided e is assigned weight |. 

In a scale-invariant field theory on IR 1,d_1 , let r$ denote the tensorial rank of each field O. The 
minimal coupling of any such theory on ^# is invariant under global Weyl transformations 
by assigning weights = r$ - A$. For example, = -A$ if O is a scalar or spinor field 
while it>o = for a non-abelian gauge field O = A^. Of course, the minimally coupled theory 
will typically not be invariant under local Weyl transformations on However, at least if 
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the original theory on IR > is not just scale but conformally invariant, it is often possible to 
add certain improvement terms to the minimally coupled theory (which vanish identically in 
Minkowski space) such that Weyl-invariance is realised on «^#. In cases where this is possible, 
we will refer to the resulting Weyl-invariant theory on j% as being conformally coupled. 

The simplest well-known example of a non-trivial conformal coupling is for a free bosonic scalar 
field O on R 1,d-1 , with lagrangian proportional to (3^0,3^0). In this case, A$ = | - 1 but 
the integral of the minimally coupled lagrangian on jtft is not Weyl-invariant with weight 
u;$ = 1 - |. The conformally coupled lagrangian on M is proportional to 

<V M d>, V^O> + d ~ 2 R <$, 0>> , (5) 
p 4(d - 1) 

where R is the scalar curvature of 

Now consider the conformal coupling of an on-shell non-interacting minimally supersymmetric 
matter multiplet on [R 1 ^ -1 in which the bosonic scalar O is paired with a fermionic spinor W. 
Their free equations of motion are □ O = and = 0. Schematically, the on-shell supersym- 
metry transformations on [R 1 ^ -1 are of the form 

<5 e O = e'y , (VP = d/P , (6) 

where the bosonic supersymmetry parameter e is of the same spinorial type as *P and e' = (Be)* . 
These transformations close provided 8^ = on-shell, with real translation parameter ^ = 
e'T^e. This requires the identity ee' = |<f acting on V P. The integral on [R 1 ^ -1 of a lagrangian 
of the form (3^0, d^O) + (^F^ 1 ?) is also invariant under ©. Any such theory is, of course, 
scale-invariant with A^ = A$ + | and A e = -|. 

Supermultiplets of this type exist in d = 3,4,6, provided O is valued in associative division 
algebra A = [R,C,H and W is based on a Majorana, (chiral projected) Majorana, symplectic 
Majorana-Weyl spinor representation. This ensures there are precisely dimn A = d-2 matching 
on-shell bosonic and fermionic degrees of freedom and that the spinorial representation of W is 
compatible with A. The inner product (-, -) used to define the lagrangian corresponds to the 
real part of the canonical euclidean inner product on A. 

The associated Weyl weights on are w<$ = 1- ^, = and w e = h. The minimally coupled 
kinetic term for ¥ in the lagrangian on j$ is proportional to ( l P,¥' x I / ). From (|4]>, it follows 
that this term is also conformally coupled. However, the minimally coupled supersymmetry 
transformations (|6]l are not Weyl-covariant. This can be remedied by improving the fermion 
variation such that 

<5 e ¥ = r^V^O + (l-f)Y 7 eO . (7) 

Of course, adding this improvement term does not guarantee closure of the supersymmetry al- 
gebra on ^ and the conformally coupled lagrangian need not be supersymmetric. Remarkably 
though, one finds that both properties hold on any provided e is a twistor spinor. On-shell 
closure of the supersymmetry algebra here is such that 8^ = £^ + 8 a + 8 P , using the fermionic 
equation of motion = 0, where 8 a is a Weyl variation with parameter a = -jjV^^ and 8 p 
is an R-symmetry variation with parameter p proportional to e'We - Re (e'We), valued in the 
imaginary part of A. 

It is worth noting that the description above can be generalised such that e is taken to be a 
section of the tensor product bundle of A-valued spinors over j& . One can define a non-trivial 
connection on this bundle of the form 3l p = + A^, where the connection one-form A^ is A- 
valued and acts via left multiplication on sections. One must define this connection projectively 
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in order for it to be compatible with Weyl symmetry. The corresponding projective bundle in 
d = 3,4,6 is then identified with a Hopf fibration associated with the respective division algebra 
R,C,IH1. This allows one to define the rigid supermultiplet on a wider class of backgrounds with 
supersymmetry parameter e obeying the twistor spinor equation Ql^e = ^T^Ste. 

Although this example may appear relatively trivial, we will see that it is a useful illustration 
of the general strategy for putting an interacting superconformal field theory in Minkowski 
space on a curved lorentzian manifold admitting twistor spinors, to define a rigid minimally 
supersymmetric theory via improvement terms of the form ([5]) and 

Without the inclusion of additional compensator fields, a supersymmetric field theory that is 
not conformally invariant in Minkowski space clearly cannot be put on a lorentzian spin man- 
ifold whilst preserving the rigid supersymmetry associated with a generic twistor spinor para- 
meter. If this were so then, in Minkowski space, the generic twistor spinor parameter would 
generate a superconformal symmetry, contradicting the original assumption. Supersymmetric 
Yang-Mills theory in d ^ 4 is an obvious example. However, in d = 3,6, although the minimally 
supersymmetric Yang- Mills lagrangian is not scale-invariant in Minkowski space, the off-shell 
supersymmetry transformations are. We will see how these off-shell supersymmetry trans- 
formations can be made Weyl-covariant on , via the conformal coupling procedure described 
above, and that they close off-shell to describe a rigid supersymmetry algebra provided the 
parameter is a twistor spinor. Of course, as predicted by the argument above, these super- 
symmetry transformations do not preserve the minimally coupled Yang-Mills lagrangian for 
generic twistor spinor parameter. For certain classes of algebraic twistor spinors though, we 
will show that special improvement terms can be added to the Yang-Mills lagrangian to make 
it supersymmetric. We will see how a certain scalar component in the twistor spinor equation 
plays the role of a conformal compensator in the Yang-Mills lagrangian. 



5. d = 3 



The Clifford algebra C^(l,2) = Mat 2 (K) © Mat 2 (K) and its action on U 2 ffi U 2 defines the Dirac 
spinor representation. A Majorana spinor representation is defined by selecting one of the two 
Mat2(R!) factors acting on U 2 . For concreteness, we could take = {(^ J), (5 o)>(o -i)} an d 
C = r° = "o") acting on Majorana spinors. 

The identities in ([l]> imply 

r^Tp _ 3 1 , r r^r v — — , r^y — E^vpT^ , r^ V p — £^ V pi , (8) 

with £012 = 1. 

Since C f = -C and r* = -CI^C -1 , any two fermionic Majorana spinors if/ and % obey 

XV = W~X , Wfif = -V^fiX • (9) 
(For either if/ or % bosonic, one just puts an overall minus sign in (|9]>.) 

For if/ and % fermionic, a useful Fierz identity is 

vx = -Wxvn+(xT^p) ■ (io) 

(For either if/ or % bosonic, (|10[) just acquires an extra minus sign.) 

For any non-zero bosonic Majorana spinor e, (|9]l implies that only the Dirac current bilinear 
£p = iT^e does not vanish identically. The Fierz identity ( flO| > for e reads 

ee=\i, (11) 
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and a useful subsidiary identity is 

-T^ v eeT v = ei- (12) 

The isotropy algebra f) e of e is isomorphic to U < so(l,2), thus t e = U 2 . Relative to a null or- 
thonormal basis (e+,e_,ei) on U 1 ' 2 , with T]+- = 1 = 7711, let us fix ^ = e+ so that T+e = and 
T±e = e. Adapting this basis to a local frame on M allows us to express 

V l _ l e = a fl e + bi_ l T-e , (13) 

in terms of a pair of real one-forms a and b which comprise the intrinsic torsion associated with 
the IR-structure. Demanding that ^ be a conformal Killing vector fixes a+ = -2b-, a_ = = b+ 
and a\ = b-. Consequently, ( fl3| > becomes V^e = r A ,(aie:+ \a+T-e) implying e must be a generic 
twistor spinor. Furthermore, £ is a Killing vector only if e is a Killing spin or, with a+ = 0. 

5.1. Gauge supermultiplet. The minimal gauge supermultiplet in d = 3 contains a bosonic 
gauge field A^ and a fermionic Majorana spinor A. 

The supersymmetry transformations on U ' are 

M = -^V, (14) 

where e is a constant bosonic Majorana spinor. Squaring ( |14| ) gives 5 2 = £,^d^ + 5 a identically 
with gauge parameter A = -^A^ and thus the supersymmetry algebra closes off-shell. 

Up to boundary terms on R ' , the Yang-Mills 

-2sym = -\(F^,Fn-\a,BX) , (15) 

and Chern-Simons 

~2cs = -^ vp (A M ,d v A p + §[A v ,A p ]) + (A,A) , (16) 
lagrangians are both invariant under ( |14| ). Clearly the integral of J??cs is scale-invariant while 
the integral of J2?sym is not. 

Let us now consider the minimally coupled version of ( |14| ) on a three-dimensional lorentzian 
spin manifold jft . Notice that they are automatically Weyl-covariant on jtf . Squaring them 
gives 

8 2 e A il = -CF^ v = ^A il +D ll K 

6 2 A = {*%A + [A, A] + i( V)A + (eV^T^A , (17) 

where L^A^ = ^ v d v A^ + (d^ v )^v denotes the lie derivative along The third term on the right 
hand side of S 2 \ corresponds to a Weyl variation 8 a with parameter a = -hv^ and w\ = -\. 
If £ is a conformal Killing vector, off-shell closure in ( |17| ) requires S 2 = L$ + 8 a + 5 a, which is 
tantamount to imposing eV^e = ^e flvp V v % p . This is satisfied only if e is a twistor spinor. 

The integral of the minimally coupled Chern-Simons lagrangian ( |16| ) on ^ is Weyl-invariant 
and supersymmetric, for any choice of e. 



The integral of the minimally coupled Yang-Mills lagrangian ( |15| > on ^ is not Weyl-invariant 
and obviously cannot be conformally coupled without additional compensator fields since it 
was not scale-invariant in Minkowski space. Up to boundary terms, one finds 5 £ Jz?sym = 
\ (F^ V , Ar„ v Ve) so the minimally coupled lagrangian is generically supersymmetric only if 



V = 0. 
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However, now let V^e = T^(ae + /5 v T v e), in terms of a real function a and a real one-form /3. 
Integrability of this twistor spinor equation implies a is constant and /3 is closed. If = -dcp, 
for some function (p, one can define a supersymmetric lagrangian 



-2<p 



l(F^ v ,Fn-la,DA)-^(A,A) 



(18) 



The prefactor e~ 2ip in ( |18| ) plays the role of a conformal compensator while a couples to a mass 
term for the gaugino. Note that one can use a Weyl transformation to fix (p = 0. In this case e 
is a Killing spinor obeying V^e = aT^e. 

5.2. Matter supermultiplet. The minimal on-shell matter supermultiplet on IR 1 ' 2 contains a 
real bosonic scalar cp and and a fermionic Majorana spinor if/. To match the 2 off-shell fermionic 
degrees of freedom of y/, the 1 off-shell bosonic degree of freedom of (p can be supplemented by 
a real bosonic auxiliary scalar C. All fields are valued in a real orthogonal representation V of 
0. The g-invariant inner product <-, -) is a real symmetric IR-bilinear form on V. 

The supersymmetry transformations for the matter supermultiplet coupled to the minimal 
gauge supermultiplet on IR ' are 

8 e (p = ey/ 

8 e y/ = (B(p)e + Ce 

5 e C = e{By/ + X-(p) , (19) 
where e is a constant bosonic Majorana spinor. Squaring ( fl9| > gives <5 2 = <^d^ + 5a off-shell. 
Up to boundary terms on IR 1 ' 2 , the matter 

^f M = -|(^, J D»- \(^,Byi) + §<C,C> + <<M-y> , (20) 

and superpotential 

J*f w = -<C,dW((p)) + \{y,d 2 W{(p)y) , (21) 

lagrangians are both invariant under fl!9| ), where the superpotential W can be any real $j- 
invariant function on V. The matter lagrangian Jz?m is scale-invariant with ((p,y/,C) having 
dimensions (h, 1, |). This is only true of Jz?w if W has dimension 4, i.e. if it is a quartic function 
of(p. 



The conformal coupling of ( |19| ) and ( |20| ) on ^# follows via the improvement terms described in 
<[7]) and ([5]). Relative to their minimal coupling on jft , this involves adding a term ^ 0Ve to the 
right hand side of 8 e f in ( fl9l > and a term -jQR{(f>,(p) to If e is a twistor spinor on 
the conformally coupled supersymmetry transformations close off-shell with <5 2 = L% + 8 a + 6a, 
where (<p,y/,C) are assigned their canonical weights Moreover, the integral of 

the conformally coupled matter lagrangian on ^ is invariant under these supersymmetry 
transformations. 

The integral of the minimally coupled superpotential lagrangian Jz?w on ^ is, of course, only 
Weyl-invariant when W is a quartic function. Indeed, it is only then that it is supersymmetric. 

6. d=4 

The Clifford algebra C£(l,3) = Mat4(IR) and its action on IR 4 defines the Majorana spinor rep- 
resentation. The action of the complexified Clifford algebra C^(l,3)c on C 4 defines the Dirac 
spinor representation. The ±1 eigenspaces off under the action of C^(3,l)c are isomorphic 
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to C 2 and define the + chirality Weyl spinor representations. The action of a subalgebra 
Mat2(C) < Mat4(R) on C 2 which commutes with the complex structure iT defines the repres- 
entation associated with the chiral projection of a Majorana spinor. 

The identities in ([l]> imply 

rpr p = 4i, r%r p = -2r^ r% v r p = o, (22) 

and 

-T/iv — ~2^fivpa^^ r > T/ivp — — ^^vpa-T Y , T/ivpcr — ^£pvpoT > (23) 

where e i23 = -1 and T = iT TiT 2 T 3 . 



The charge conjugation matrix obeys (CT^^f = -cr^ Cr w ... w and so r pi ... Mjfe e = o^er^..^ for 
any Majorana spinor e. Thus any two fermionic Majorana spinors y/ and % obey 

~X T »i...n k V = <rkWm...nkX , (24) 

and a useful Fierz identity is 

vx = - \ ((»)! + (ir^)Fp - §(% r"»i> - (x rT^r + (*r»r) . (25) 

(For either y/ or % bosonic, ( |24| ) and ( |25| ) just acquire an extra minus sign.) 
Any two chiral projections if/+ and j+ (with the same ± chirality) obey 

I±r M ^± = 0, (26) 



for any k odd, since P+x = %P± and P±r p = T^P^. Moreover, note that ( |23| > implies the complex 
two-form X+^p-vV / + = + ^p.vpaX+^ pa V / +- The chiral projections of (|25|) give 

v±x± = -Wx±v±)- i(i ± r^> ± )r MV )p ± 

^ ± I T = -|a T r^ ± )r M p T . (27) 

This implies y/±y/+ = -\{H r +f+)P+ and y/±ys+ = 0, using ((24]). Whence (y/+y/±)if/± = 0. Further- 
more (^ + r /U i//_)(^ : + r v i/A_)= ^^(y+y+Xy _%/-). 

For any non-zero bosonic Majorana spinor e, ( |24| ) implies that only the bilinears ^ = eT^e and 
Cpv = eT^ v e built from e do not vanish identically. The Fierz identity ( |25] > for e reads 

ee = l(%-0, (28) 

and a useful subsidiary identity is 

-T» v eeT v = {ee-±()T» + ei. (29) 

The isotropy algebra f) e of e is isomorphic to [R 2 < so(l,3), thus £ e = U 4 . Relative to a null 
orthonormal basis (e+,e_,ei,e2) on R ' , with 77+- = 1 = 7711 = 7722, let us fix £ = e+ so that 
T+e = 0. Adapting this basis to a local frame on j$ allows us to express 

V M c+ = a p e+ + Pi 1 Y\T-e+ , (30) 

in terms of a pair of complex one-forms a and /3 which comprise the intrinsic torsion associated 
with the R 2 -structure. The expression for the negative chirality projection of e is related to ( |30| ) 
by complex conjugation. Notice that does not involve the imaginary part of a. Demanding 
that £ be a conformal Killing vector fixes Rea+ = 2Re/3i, Rea_ = 0, Reai = -Re/3_, Rea2 = 
Im/3_, /3i = ifa and /3+ = 0. Consequently, from < f30] >, one derives the twistor spinor equation 
f^e = \T^e with respect to the connection ^ = + ia^r, where a+ = -Ima+ + 2Re/32, a_ = 
-Ima_, ai = -Imai -2Rea2 and a<i = -Ima2 + 2Reai. Remarkably, it is precisely the same 
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superconnection that appears in minimal conformal supergravity in four dimensions! This nice 
characterisation was first observed and explained in [[6p. 

Integrability of the twistor spinor equation f^e = \T implies 

^y^fivpcr^'^ € ~ ~ 3 fpifi^v]^^^ ~ ^ffiv^C ~ g^pvpof^ e > (31) 

where f = da. A background j$ is locally maximally supersymmetric only if f = with van- 
ishing Weyl tensor. If is indecomposable and simply connected, up to local conformal equi- 
valence, any such solution must be flat with a = 0. 



6.1. Yang-Mills supermultiplet. The minimal on-shell Yang-Mills supermultiplet in d = 4 
contains a bosonic gauge field A^ and a fermionic Majorana spinor A. To match the 4 off-shell 
fermionic degrees of freedom of A, the 3 off-shell bosonic degrees of freedom of the gauge field 
can be supplemented by a single real bosonic auxiliary scalar D. All fields are g-valued. 

The supersymmetry transformations on U 1 ' 3 are 

6 e A il = eT tl X 

5 e X = -\F^Y^e-iT>Te 

S e D = -ieTBX, (32) 

where e is a constant bosonic Majorana spinor. Squaring ( |32] > gives 8 2 = + 5 a identically 
with gauge parameter A = -^A„ and therefore the supersymmetry algebra closes off-shell. 

Up to boundary terms, the Yang-Mills lagrangian 

=%ym = -liF^Fn- |(A,2Z>A) + |(D,D) , (33) 



is invariant under ( |32[ ). This lagrangian is also scale-invariant, with (A^, A,D) having dimen- 
sions (1, |,2). There is also a u(l) R-symmetry, under which (A^, A ± ,D) have charges (0, +1,0). 

We now consider the minimally coupled version of ( |32[ ) on a four-dimensional lorentzian spin 
manifold j& . Notice that they are automatically Weyl-covariant on Squaring them gives 

8 2 £ A^ = L ( A^+D^A 

8 2 X = <^%A + [A, A] - T» v e(V^)T v A 

8 2 B = L ( T> + [D, A] + §(V^)D + ^F^eTT p T^V p e . (34) 

The third term on the right hand side of 8 2 D corresponds to a Weyl variation 8 a with parameter 
a = - jV^^ and wj) = -2. If £ is a conformal Killing vector, off-shell closure in ( |34| ) requires 
8 2 = + 8 a + 8 a + 8 P , where 5 p $ = rp <D on a field O with R-charge r, in terms of some function 
p on . From ( |34| ), one can read off p = |erTe\ Closure is then equivalent to the conditions 

3eV^e=lv v (^ v , 3eTV^e = -f^ vp(T V v (" ff , V[^ v] = ie^eTTP^e . (35) 

They are solved if e is a twistor spinor. In that case, the integral of the minimal coupling of 
< |33| > on is Weyl-invariant and supersymmetric. 

If e is a twistor spinor with respect to the connection ^ = + ia^T, the same picture emerges 
after gauging the u(l) R-symmetry. This means that a local R-symmetry variation 8 p <f> = rp$ 
is accompanied by the variation 8 p ap = id^p. Therefore = V^O + ira p <P transforms cov- 
ariantly under 8 p . The R-symmetry gauging is tantamount to replacing V p with 5^ in all the 
expressions above. One then takes the abelian gauge field to be a fixed background one-form 
with Weyl weight zero. 
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6.2. Matter supermultiplet. The minimal on-shell matter supermultiplet in d = 4 contains a 
complex bosonic scalar (p and a fermionic Majorana spinor if/. To match the 4 off-shell fermionic 
degrees of freedom of if/, the 2 off-shell bosonic degrees of freedom of can be supplemented by 
a complex bosonic auxiliary scalar F. All fields are valued in a complex unitary representation 
V" of Q. The g-invariant symmetric inner product (— ,— ) is the real part of a C-sesquilinear 
hermitian form on V. 

The supersymmetry transformations for the matter supermultiplet coupled to the minimal 
gauge supermultiplet on R ' are 

8 e (p = etff+ 
8 £ %/+=2(D(p)e- + 2¥e + 
8 e F = e{By+ + 2\--<p) , (36) 

where e is a constant bosonic Majorana spinor. Squaring ( |36| > gives <5 2 = <^d„ + 8\ off-shell. 



e - s 

Up to boundary terms on R > , the matter 

J*f M = -(D^,D^(t>) - \ <w + ,By + ) + <F,F> + <0, iD-<p) -2(f + ,X-(p) , (37) 
and superpotential 

^ = 2{¥,dW{<p)) - \{y + ,d 2 W{(p)y + ) , (38) 

lagrangians are both invariant under ( |36| ), where the superpotential W can be any g-invariant 
holomorphic function WonV. The matter lagrangian J^m is classically scale-invariant with 
{(p,iji + ,F) having dimensions (1, §,2). This is only true of J??w if W has dimension 3, i.e. it must 
be a cubic function of (p. 



The conformal coupling of ( |36| ) and ( |37| ) on ^# follows via the improvement terms described in 
([7]) and <(5]). Relative to their minimal coupling on this involves adding a term 0Ve:- to the 
right hand side of 5 £ y/+ in ( |36] > and a term to Jz?m- If e is a twistor spinor on the 

conformally coupled supersymmetry transformations close off-shell with <5 2 = L$ + 8„ + 6a + 8 P , 
where ((p,f+,C) are assigned their canonical weights (— 1, — |, — 2) with R-charges (|,-|,-|). 
Furthermore, the integral of the conformally coupled matter lagrangian on is invariant 
under these supersymmetry transformations. 

The integral of the minimally coupled superpotential lagrangian J?fw on is, of course, only 
Weyl-invariant when W is a cubic function. Indeed, it is only then that it is supersymmetric. 

If e is a twistor spinor with respect to = + ia^T, the same story follows after gauging the 
R-symmetry and replacing with ^ = + ira^ in all expressions. 



7. d = 6 



The Clifford algebra C£(l,5) = Mat^H) and its action on H defines the Dirac spinor represent- 
ation. The ±1 eigenspaces of T under the action of Mat^H) are isomorphic to H 2 and define the 
+ chirality Weyl spinor representations. It is convenient to think of H = C 2 here and repres- 
ent a quaternionic spinor in terms of complex doublets, which transform under the auxiliary 
usp(2) action that was described in section [2J relative to a basis {e^} on C 2 . Auxiliary indices 
will be raised and lowered using the usp(2)-invariant symplectic form, such that ua = £ab u b 
(and u A = ub£ BA via the identity £ac £BC = <^[) f° r an Y u G C 2 . A second rank symmetric 
tensor w on C 2 obeying the reality condition (w AB )* = £ac £ bdw CD corresponds to the adjoint 
representation of usp(2). 
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The identities in ([l]> imply 

r%r ff = -4r M , r% v r (J = 2r F , r% vp r ff = o , (39) 

and 

r w ... w r = -cr^-i (gz^)T £^i...^vA + i...v 6 r' * +1 6 , (40) 

where eoi...5 = 1 and T = rori...rs. 



The charge conjugation matrix obeys (Cr^..,^)* = o& Cr^...^, and so r m ... w e A = a^T^^ 
for any symplectic Majorana spinor e. Thus any two fermionic symplectic Majorana spinors if/ 
and x obey 

1%!...^ = -OktT^...^ . (41) 
(For either y/ or x bosonic, one just adds an overall minus sign in (|41|>.) We define the contracted 
bilinear x^m-nV = cabX^^...^ 8 ■ 

Any two symplectic Majorana-Weyl spinors xf/± and x± (with the same + chirality) obey the 
identity X+^m .../i^ = for any even k. For and x± fermionic, two useful Fierz identities 
are 

vixt = ~\ (og ryjr r r^)i> p )p T 

^If = -|((^)i-|(if^V)r,v)p ± ■ (42) 

(For either y/+ or ^+ bosonic, (|42|) just acquires an extra minus sign.) 

From <Hj]>, le^papyT^yi = ±T p Vp f A for any symplectic Majorana-Weyl spinor y/+. Whence, 
for any symplectic Majorana spinor x, the three-form defined by each bilinear x A Tp Vp iff B is 
self-dual for y/+ with positive chirality and anti-self-dual for if/- with negative chirality 

Any pair of (anti-)self-dual three-forms X,Y on R ' with the same chirality obey 

Xp Vr YP° r + Y pvr X par = 28\ p X^Y v]afj . (43) 

Furthermore X ppa Y vpa = Y iipa X vpa and X pvp Y pvp = which imply the useful subsidiary iden- 
tities 

X wa Y v pa T P T V = , Xp Vr Y p l r^<T ff = . (44) 

A useful corollary which follows using ( |40| ) is that Xy/+ = identically for any symplectic 
Majorana-Weyl spinor y/+ and X e A+ K ' . 

For any non-zero bosonic symplectic Majorana-Weyl spinor e with positive chirality, only the 
bilinears e A Tpe B and ( AB p - e A Tp Vp e B do not vanish identically Furthermore ( |41| ) implies 

e A Tpe B = -e B Tpe A = \s AB ^,y. and ( AB p = ( BA p , where the Dirac current ^ = eT p e is the only 
non-zero contracted bilinear. Each three-form ( AB is self-dual since e has positive chirality. 

The Fierz identity ( |42| ) for e reads 

e A e B = -h £ AB l + l AB W- , (45) 



and a useful subsidiary identity is 



T» v e A e B T 



[ e A-B + l £ AB^ T »_ £ AB ei 



P+ . (46) 



Each self-dual 3-form ( AB = *( AB obeys identically $ p ( AB p = 0, implying that ( AB p = S^ [fi n AB in 
terms of a triple of 2-forms D. AB on U 1 ' 5 obeying ^O. ab = 0. 
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The isotropy algebra t) £ of eis isomorphic tosu(2)ix[R 4 <so(l,5) and£ e = (su(2)x [R 4 )©[R. Relative 
to a null orthonormal basis (e+,e_,e a ) on IR 1 ' 5 , with r] + - = 1 and r\ a b, = S a b on U 4 c U 1 ' 5 , let us 
fix ^ = e+ so that T + e A = 0. The orientation tensor on U 4 is e a b c d with £1234 = £+-1234 = 1 and 
F a b eA = ~\ £ abcdX cdeA ■ The components Q. AB = e A r a {,T-e B define a quaternionic structure on 
IR 4 in terms of a triple of anti-self-dual two-forms. They also provide an isomorphism between 
usp(2) and A- IR 4 , as three-dimensional vector spaces. In this regard, a rather useful identity 
is e A ^ B e c ^ = ^£l B ?T ab e A . Adapting this basis to a local frame on ^ allows us to express 

V^ A = a^ A + &£r a r_e A + \ cfl ab e A , (47) 

in terms of real one-forms a, b and c valued respectively in the U, U 4 and su(2) factors of 
t e , corresponding to the intrinsic torsion associated with the su(2) x [Restructure. (Additional 
terms of the form a AB es + j3 AB T a T -cb + \ Y^ai^ ab e B which one might also have anticipated on 
the right hand side of ( |47| > can be absorbed by a redefinition of a, b and c via the identity 
£ A(B e o _ lQBCpab^A ) N tj ce that V^£ v does not involve c. Demanding that ^ be a conformal 



Killing vector fixes a_ = 0, a° = -bt, &+ = and b a b + bb a = 8 a ba+. Consequently, from ( |47| >, one 
derives the twistor spinor equation S>^e = ^T^e with respect to connection = V^+t^, where 
tju = B j _ la T a T- + \C ab T ab . The components^ hasfi +a = = B- a andB ba = -\b[ba}-\£bacdb cd , 
whence spanning su(2) < f) e . The other component C£ 6 has Cf = -cf + \b [ab] - \e abcd b cd , 
C ab _ _ c ab } C ab _ - c f +s^a b] -le c abd a d , whence spanning T*^®su(2) with the factor 5u(2) < 
C e . 

Using the identity e A< - B e c ^ = ^Q B ^T ab e A , it will be more convenient henceforth to express the 
\C ab T ab e A term in as C A b e 8 , where C A b is a usp(2)-valued one-form on i.e. (C A b)* = 
-C^a and C A a = 0. In the absence of the B^ a component, integrability of the twistor spinor 
equation f^e = ^Y^e implies 

\W flvpa T pa e A = - \G a v b£ B + ^qG a p bT v p € B - ^G A p BT^ p e B - ^£ ^vpaafiG piT A sX a ^ c B , (48) 

where G A B = dC A B + C A C A C C b is the curvature of C A b- In this case, a background ^ is 
locally maximally supersymmetric only if G A b = with vanishing Weyl tensor. 



From equation (2.26) in [35], one finds that 3> can be identified with a special case of the 
superconnection for bosonic supersymmetric backgrounds of minimal conformal supergravity 
in six dimensions by relating t with components of the R-symmetry gauge field and self-dual 
three-form flux (written respectively as V]/ and T~ bc in 135J). However, any such identifica- 
tion must also be compatible with the additional constraints which come from setting to zero 
the supersymmetry variation of the dilatino in the conformal supergravity background. The 
simple case of a twistor spinor with respect to 3 1 = V + C corresponds to a bosonic conformal 
supergravity background with no three-form flux. In that case, the additional constraint from 
the dilatino variation fixes the background value of the dilaton (p such that (pe A is a particular 
linear combination of G^T^e 8 and (V^C A B )e B . 



7.1. Yang-Mills supermultiplet. The minimal on-shell Yang-Mills supermultiplet in d = 6 
contains a bosonic gauge field and a fermionic symplectic Majorana-Weyl spinor A A (we 
take A A with positive chirality i.e. TX A = X A ). To match the 8 off-shell fermionic degrees of 
freedom of A A , the 5 off-shell degrees of freedom of the gauge field can be supplemented by 
3 real bosonic auxiliary scalars, in the form of a complex triple Y AB = Y BA subject to reality 
condition (Y AB )* = sac £ bdY cd (i.e. in the adjoint representation of the auxiliary usp(2)). 
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The supersymmetry transformations on IR 1 ' 5 are 

8 £ A p = e A T p X A 

8 e X A = -\F^T, v e A + Y AB e B 

8 e Y AB = e A D A B + e B D X A , (49) 

where e is a constant bosonic symplectic Majorana-Weyl spinor with positive chirality. Squar- 
ing ( |49l ) gives 8 2 = + 8\ identically with gauge parameter A = -f^A„ and therefore the 
supersymmetry algebra closes off-shell. 

Up to boundary terms, the lagrangian 

^sym = -\(F^ v ,Fn- \a A ,BX A )+ \(Y AB ,Y AB ) , (50) 

is invariant under ( |49[ >. It is not scale-invariant but has a usp(2) R-symmetry under which 
is a singlet, X is in the fundamental and Y AB is in the adjoint representation. In particular, 
the R-symmetry variations are 8 p A p = 0, 8 P X A = p A B X B and 8 p Y AB = p A c Y BC + p B c Y AC , with 
parameter obeying p A B = -(p B A )* and p A A = in the adjoint of usp(2). 

We now consider the minimally coupled version of ( |49| ) on a six-dimensional lorentzian spin 
manifold Squaring them gives 

8 2 A p = L ( A p +D p A 

8 2 e X A = e^^X A + [X A ,A]-T^e A (V^ B )T v X B (51) 
8 2 e Y AB = L ( Y AB + [Y AB , A] + (e A We c )Y BC + (e B We c )Y AC - ±F„ V {e A Y p T^V + e B TPT^V p e A ) . 

If £ is a Killing vector, off-shell closure of the supersymmetry algebra requires 8 2 = + 8\. 
This is tantamount to imposing 

e A We B = 0, e A T [ ^ v] e B + e B T [p V v] e A = 0, V [jU f v] = e A T pvp VPe A , VP( AB p = . (52) 
They are solved if e satisfies 

V A = lh pvp T v Pe A , (53) 

for some self-dual three-form h. Any such e is necessarily harmonic (i.e. Ue A = 0) following the 
corollary noted below ( |44[ >. 

Furthermore, up to boundary terms, the lagrangian 

- l(F pv ,Fn - \(X A ,BX A ) + \{Y AB , Y AB ) + \ hP v P(A p , d v A p + |[A V , A p ]) , (54) 

on is invariant under the minimal coupling of ( |49| ) provided h is closed. 

Unlike the minimal coupling of Yang-Mills supersymmetry transformations in lower dimen- 
sions, notice that the minimal coupling of ( |49| ) is not automatically Weyl-covariant. However, 

the supersymmetry transformations can be conformally coupled by adding an improvement 
_ A B 

term |(A We B + X Ue A ) to the right hand side of 8 e Y AB , relative to the minimal coupling of 
((49]) on If e is a twistor spinor, one finds that 8 2 = + 8„ + 8\ + 8 P off-shell, where 8„ is 
a Weyl variation with parameter a = -gV^^ and 8 P is a usp(2) R-symmetry variation with 
parameter p AB = ^(e A We B +e B fe A ). The fields (A p ,X A ,Y AB ) are assigned their canonical Weyl 
weights (0,-§,-2). 

If e is a twistor spinor with respect to the connection @ = V + C, the same picture emerges after 
gauging the usp(2) R-symmetry. This means that a local R-symmetry variation 8 p (^ A = p A B Q> B 
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of a field in the fundamental representation of usp(2) is accompanied by the variation 
8 p C A b = -dp A B- Therefore ^<J> A = d$> A + C A b$ b transforms covariantly under 8 p . The R- 
symmetry gauging is tantamount to replacing V with S 1 in the Weyl-covariant expressions 
above. One then takes the usp(2) gauge field C A b to be a fixed background one-form with Weyl 
weight zero. 

The integral of the minimally coupled Yang-Mills lagrangian ( |50| ) on is not Weyl-invariant 
and cannot be conformally coupled without additional compensator fields. If e is a twistor 

spinor, up to boundary terms, one finds S £ ^sym = \{F^,X A T^e A ) + \{Y AB ,X Ve 5 ) so the 
minimally coupled lagrangian is generically supersymmetric only if V p e = 0. 

However, now let 

V p e A = a v T p T v e A - | ^ vp T v Pe A , (55) 

where a is a real one-form and (5 is a real anti-self-dual three-form. Integrability of this algeb- 
raic twistor spinor equation implies a must be closed. (Note that additional terms of the form 
j AB T p T v eB - 1 6 A y p T vp €B on the right hand side of ([55|> can always be absorbed by a redefinition 
of a and /3 using the identity e MB e C) = \DP^T ab e A .) 



If a — \d<p in ( |55| ), for some function (p, one finds that the lagrangian 

e~ 2( o [- \(F pv ,Fn - \(X A ,D \ A ) + 1<Y AB , Y AB ) + \ ^ v P(A p ,d v A p + §[A V , A p ]) + i ^ V P(J A ,T pvp X A ) 

(56) 

is supersymmetric provided d(e~ 2(p l3) = 0. The prefactor e~ 2(p in ( |56| ) plays the role of a con- 
formal compensator while /3 couples to a Chern-Simons term for the gauge field and a mass 
term for the gaugino. One can use a Weyl transformation to fix q> = 0. In this case e obeys 
V p e A = -^/3[ lvp r vp e A with f} closed and anti-self-dual. Notice the form of the corrections here 
(in terms of /3) are almost identical to those from ( |53| ) and ( |54| ) (in terms of h). The fact that 
h is self-dual whereas yS is anti-self-dual is rather significant though since it is only the latter 
which is compatible with the conformal structure and necessitates the non-vanishing fermionic 
mass term in 



If e is an algebraic twistor spinor of the form ( |55| > but with respect to 3 1 = V + C, the same story 
follows after gauging the R-symmetry and replacing V with @ in the expressions above. 



7.1.1. Supergravity backgrounds. Solutions of ( |53| ) with dh = correspond to bosonic super- 
symmetric backgrounds of minimal Poincare supergravity in six dimensions. A classification 
of all such backgrounds which solve the supergravity equations of motion was obtained in [ |36j 
and also [37] for the case of maximally supersymmetric solutions. 

Symplectic Majorana-Weyl spinors in d = 6 can be thought of locally as vectors in H 2 so there 
can be no more than two linearly independent quaternionic e which solve ( |53| ). Whence any 
bosonic supersymmetric background is either maximally or minimally supersymmetric. We 
defer to [ 361 for a description of the minimally supersymmetric solutions. 

As shown in [37], there is a one-to-one correspondence between the maximally supersymmetric 
backgrounds and isomorphism classes of six-dimensional lie groups equipped with bi-invariant 
lorentzian metric and self-dual parallelising torsion. This restricts all maximally supersym- 
metric geometries to be locally isometric to either IR 1 ' 5 , AdS3 x S s or a plane wave. Any such 
solution admits a trivial oxidation to a half-BPS solution within the first class of supergravity 
vacua in ten dimensions to be discussed in section 18.1.11 
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The algebraic twistor spinor equation V^e^ = -^P ilvp T vp e A with /3 closed and anti-self-dual has 
a simple solution on jft = AdSs x S 3 with /3 = |7(volAdS 3 - vol§3), for any real constant 7. The 
twistor spinor e on ^# decomposes into a tensor product of Killing spinors on the AdS3 and S 3 
factors (with Killing constant 7 on AdS3 and 17 on S 3 ). Indeed, it is related to the maximally 
supersymmetric Freund-Rubin AdS3 xS 3 solution of minimal Poincare supergravity mentioned 
above by a sign change in the relative orientation between the AdS3 and S 3 factors. 

7.2. Matter supermultiplet. The minimal on-shell matter supermultiplet in d = 6 contains 
four real bosonic scalars (p AB and a fermionic Weyl spinor y/ A (we take y/ A with negative chir- 
ality i.e. Tif/ A = -y/ A ). Dotted indices denote the complex doublet representation of a usp(2) 
global symmetry for the matter supermultiplet. This is distinct from the usp(2) R-symmetry 
acting on undotted indices encountered above (though we use the same tensorial conven- 
tions for both usp(2) factors). The four bosonic scalars obey the reality condition (<p AB )* = 
£ac£bd ( P CT> ■* defining the vector representation of so(4) = usp(2) © usp(2). The fermionic Weyl 
spinors obey (y/ A )* = E A %Tly B , a symplectic Majorana condition but with respect to the other 
usp(2) factor. The 4 on-shell fermionic degrees of freedom of y/ A match the 4 on-shell bosonic 
degrees of freedom of <p AB . Both fields are valued in a (real form of a) quaternionic unitary 
representation V" of q. The jj-invariant inner product <-, -> is a real symmetric C-bilinear form 
onV. 

The supersymmetry transformations for the matter supermultiplet coupled to the minimal 
gauge supermultiplet on U 1 ' 5 are 

8 e <p AB = e A nr B 

8 e yi A = 2{B<p BA )e B , (57) 

where e A is a constant bosonic symplectic Majorana-Weyl spinor with positive chirality. Squar- 
ing ( |57| ) gives <5g = ^ l d^ + 8^ after imposing fermionic equation of motion By/ A + 2 A# • (p BA = 0. 



Whence, the supersymmetry algebra closes on-shell. 
Up to boundary terms, the lagrangian 

^m = ~l(D^ AE \D^ A b) -\(y A ,By A ) + \(<p A B,Y A c -<p C *) + ( : fA^B-<p BA ) , (58) 

is invariant under ( |49| ) and fl57| ). The integral of J??m on U 1 ' 5 is classically scale-invariant, 
with (cp AB ,i(/ A ) having dimensions (2, |) and (A fI ,X A ,Y AB ) assigned their canonical dimensions 
(1, |,2). It is also manifestly invariant under the usp(2) © usp(2) global symmetry. 

The conformal coupling of ( |57| ) and ( |58| ) on ^ follows via the improvement terms described in 
<[7f) and ([5]>. Relative to their minimal coupling on ', this involves adding a term ^(p BA UeB to 

the right hand side of 8 e y/ A in ((57]) and a term -^R{(f> AB ,(p AB ) to jSJfo. If e is a twistor spinor 
on «y#, the conformally coupled supersymmetry transformations for the matter fields close on- 
shell with 8^ = + 8 a + 8A + 8 p , where ((f> AB ,y/ A ) are assigned their canonical weights (-2, -|), 
with Weyl parameter a = -|V^^ and R-symmetry parameter p AB = ^(e^e 8 + e B Ue A ), just 
as for the conformally coupled off-shell Yang-Mills supermultiplet. Furthermore, the integral 
of the conformally coupled matter lagrangian on ^ is invariant under these supersymmetry 
transformations. 

If e is a twistor spinor with respect to @ = V + C, the same story follows after gauging the 
R-symmetry and replacing V with @ in the expressions above. 
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7.3. Tensor supermultiplet. The minimal on-shell abelian tensor supermultiplet in d = 6 
contains a bosonic 2-form gauge field B pv , a real bosonic scalar (f> and a fermionic symplectic 
Majorana-Weyl spinor % A . We take the field strength H = dB to be anti-self-dual (H = -*H), 
% A with negative chirality = —% A ) and $x A = as its equation of motion. The 4 on-shell 
fermionic degrees of freedom of % A are matched by the 3 on-shell bosonic degrees of freedom of 
B pv plus one of (p. All fields are abelian. 

The supersymmetry transformations on U 1 ' 5 are 

5 £X A = -^H^PT, vp e A + d^T,e A 
8 £( p = e A X A, (59) 

where e A is a constant bosonic symplectic Majorana-Weyl spinor with positive chirality. The 
transformations in ([59]) are scale-covariant; e A has dimension -| and (B pv ,x A ,4>) have must 



have dimensions (A,A+ |,A), for some constant A. Squaring ( |59] > gives 5% = ^d p + 6n, after 



imposing equations of motion H = — *H and dx A = 0, where SqB = dQ., 8qx A = and Sn<P = 
under the abelian gauge symmetry with 1-form gauge parameter Q p = B pv £, v -(p£, p . Whence, 
the supersymmetry algebra closes on-shell. (Anti-)self-duality of H obstructs the straightfor- 
ward construction of a supersymmetric lagrangian for this theory. 

The conformal coupling of ( |59[ > on ^ follows via the improvement term described in ([7]). Rel- 
ative to the minimal coupling on this means adding a term | (pWe A to the right hand side 
of 8 e x A in ( |59| ). The minimally coupled equations of motion H = -*H and Ux A = are auto- 
matically Weyl -invariant on provided x A has weight -|. If e is a twistor spinor on the 
conformally coupled supersymmetry transformations close on-shell with 6^ = + 8 a + 6q + 5 p , 
where (B pv ,x A ,(f>) are assigned their canonical weights (0,-|,-2), the Weyl parameter a = 
-|V p ^ and the R-symmetry parameter p AB = ^(e A We B + e B He A ). 

A novel minimally supersymmetric coupling of the tensor multiplet to the off-shell Yang-Mills 
multiplet on IR 1 ' 5 was obtained in 1381. The supersymmetry transformations are 

6 £ B pv = ^T^xa + K(A fl ,6 e A v ) -k(A v ,5 £ A p ) 

8eX A = -±^ vp r, vp e A + d»cf>r,e A + %(6 £ A p ,m A ) 

8 £ <p = e A X A, (60) 

where k is a constant and J^i Vp = H pvp + 6i<(A[ p ,d v A p ]) + 2k(A^,[A v ,A p ]). In addition to the 
abelian tensor gauge symmetry under SqB = dQ, the field strength M' is also invariant un- 
der the infinitesimal gauge transformations 8\B pv = -2k (A, d^, A v ]) and 8\A p = D p A, with 
8aX A = and 8\<p = 0. Squaring ( [60| > gives 6^ = + <5n + 6a, with the same abelian Q and 



'e ~ s "y. 

0-valued A gauge parameters as above, after imposing the equations of motion 

^ + vp = -!U A ,r Mvp A A ), d x A = k(^ v ,t pv x a )+(y ab ,x b )) . (6i) 

If (B^ v ,x A ,(p) have dimensions (A,A + |,A) and (A^, X A ,Y AB ) are assigned their canonical di- 



mensions (l,f,2),06pjand(l6JJ» are scale-invariant provided k has dimension A - 2. Whence, k 



is dimensionless for A = 2. 

The conformal coupling on jtft proceeds just as for the ungauged theory, requiring only the 
addition of ^(pUe A to the right hand side of 6 £ x A relative to the minimal coupling of ( |60| ). 



The minimal coupling of the equations of motion ( |61| ) are automatically Weyl-invariant on 
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provided % A has weight -§. If e is a twistor spinor on the conformally coupled super- 
symmetry transformations close on-shell with 6^ = L$ + 8 a + Sq, + 5\ + 8 P , after imposing the 



minimally coupled field equations ( |61| ). 



If e is a twistor spinor with respect to @ - V + C, the same story follows after gauging the 
R-symmetry and replacing V with @ in the expressions above. 

Note that closure of the conformally coupled supersymmetry transformations for the tensor 
multiplet is off-shell with respect to the conformally coupled Yang-Mills supermultiplet. As we 
have already seen, the minimally coupled Yang-Mills lagrangian is not supersymmetric with 
respect to the conformally coupled transformations. Furthermore, the self-dual projection in 
the first equation in ( |61| > continues to hamper the construction of a lagrangian for the tensor 
multiplet. However, let us consider the special case where the supersymmetry parameter e is 
an algebraic twistor spinor obeying V p e A = -i p pvp T vp e A , with /3 closed and anti-self-dual. In 
this case, recall that supersymmetry is restored with lagrangian ( |56[ > for the Yang-Mills mul- 
tiplet (after using a Weyl transformation to fix the conformal compensator). Remarkably, the 
coefficients of (5 in this correction term for the Yang-Mills lagrangian are actually proportional 



to the K-dependent terms in the first equation (61 1 for the tensor multiplet! Indeed, by drop 



ping the assumption that /3 is closed, and thinking of it as a lagrange multipler, one can obtain 
the first equation in ( |6T| ) as a constraint by adding the term r ^P flvp H^ V p from the tensor mul- 
tiplet to the supersymmetric Yang-Mills lagrangian. The integral of this term on ^# is not 
supersymmetric on its own unless /3 is closed, which is the equation of motion for B. Without 
this constraint though, supersymmetry can be restored by adding a final term ~j^R<P to the 
lagrangian. The equation R = follows as an integrability condition from the algebraic twistor 
spinor equation when /3 is closed. To summarise, up to boundary terms, the lagrangian 

^sym + ± ^ vp (^; vp + f U A , T pvp A A )) - ^Rcf> , (62) 

is invariant under the conformally coupled supersymmetry transformations for the tensor and 
Yang-Mills multiplets with algebraic twistor spinor parameter e obeying V^e A = -| /3 pvp T vp e A 
and /3 anti-self-dual. Similarly, if e is an algebraic twistor spinor of this type but with respect 
to 3 = V + C, the same results follow after gauging the R-symmetry and replacing V with 3s in 
the expressions above. 

Note that the correction terms involving fields from the tensor multiplet vanish identically in 

—A 

Minkowski space. This rather odd way of deriving the field equation = — f (A ,r^ vp AA) 



from ( |62| ) is therefore only possible when *M is curved. The absence of terms involving % in 
( |62| ) is also noteworthy. The supersymmetry variation of the minimal coupling of the second 
equation in ( [6l| >, that is associated with the equation of motion for % A , gives 

-iVP[J^ p + f(A B ! r pvp A B )]r^V + [vV-^0 + 2K^fsYM]e A • (63) 
The equation of motion for (p in ( |63| > actually follows from setting to zero the Weyl variation of 



the metric in ( |62| ). One might have expected terms proportional to 

- ±V^Vty - ±Rcy 2 + 2K0Jzf S YM + \Xa$X A - l(F^,x A Y pv X A ) - k(Y ab ,x a X b ) , (64) 

in the lagrangian, to yield the correct equations of motion for \ A and (p. The reason this is not 
necessary here is that their equations of motion can be generated by taking supersymmetry 

variations of ^ pvp = -|(A ,r^ vp AA). In a supersymmetric field theory, one typically expects 
to obtain second order bosonic equations of motion by varying first order fermionic ones. The 
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tensor supermultiplet is exceptional in that it contains a first order bosonic field equation that 
generates them all. 



8. d = 10 

The Clifford algebra C£(l,9) = Mat32(IR) and its action on IR 32 defines the Majorana spinor rep- 
resentation. The +1 eigenspaces of T under the action of Mat32(IR) are isomorphic to IR 16 and 
define the ± chirality Majorana-Weyl spinor representations. 

The identities in ([l} imply 

r T^T a — — 8T p , T T^ypTa — — 4r pvp , T T ^ V p ar T a — , (65) 

and 

m—Hk u k-i (io-jfe)! j"i—w v *+i-" v io ' ^ oo; 

where £qi...9 = 1 and T = -rori-.Tg. 



The charge conjugation matrix obeys (Cr pi ... w )' = -a k Cr^...^ and so ^..^e = er* el^...^ for 
any Majorana spinor e. Thus any two fermionic Majorana spinors y/ and % obey 

Win...nk^ = <?k W l ii... l i k X > (67) 

(For either y/ or % bosonic, one just puts an overall minus sign in (|67|>.) 

Any two Majorana-Weyl spinors y/± and x+ (with the same ± chirality) obey 

I ± r M ^± = 0, (68) 

for any k even, since P+ = P+ and P±r p = r^P+. For y/+ and %+ fermionic, two useful Fierz 
identities are 

v±x± = -k (2(f ± r^ ± )r^- J(3f ± rwy±)r w + £(x ± r^ ff >^r pvp(TT )P T 

V±X* = -Je{(x^±n - l(x^ v y ± )Tp V + fer^>^r pvp(T )P ± . (69) 



(For either xf/ ± or %+ bosonic, (|69|> just acquires an extra minus sign.) The bilinear % ± I ' pvpt7T y/± 
defines a five-form that is self-dual if the spinors have positive chirality and anti-self-dual if 
the spinors have negative chirality. 



For a non-zero bosonic Majorana-Weyl spinor e with positive chirality, ( |67| ) and ( |68| ) imply only 
the bilinears ^ = eT^e and C^vpor = £Tpvpo-T e built from e do not vanish identically. The Fierz 
identity ((69]) for e reads 

ee=±(2t + ()P- , (70) 

and a useful subsidiary identity is 

- r" v eiT v = [{ee- \() + ^l] P + . (71) 

The self-dual 5-form ( = *( obeys identically ^( pV par = implying that Cpvpor = 5 <!; [ p n vp(TT ] for 
some 4-form D. on IR 1 ' 9 obeying <^Q pvpo - = 0. 

The isotropy algebra f) e of e is isomorphic to so(7) tx IR 8 < so(l,9) and t e = (so(8)/so(7) x IR 8 ) © U. 
Relative to a null orthonormal basis (e+,e_,e a ) on IR 1 ' 9 , with r] + - = 1 and T] ab = 5 ab on IR 8 c IR 1,9 , 
let us fix £ = e+ so that r+e = 0. The orientation tensor on IR 8 is £ ai .„ ag with e± ...8 = -£+- 1...8 = — 1- 
The components Q. abc d = ^abcdX- e define a self-dual so(7)-invariant Cayley form on U 8 and 
T ab e = -\£l abcd T cd e. The quadratic identity n abef n cdef + 4n ab cd - 12S e [a 8f } = for the Cayley 
form permits the decomposition of so(8) into so(7) ©so(8)/so(7) via the respective projection 
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operators ^(65^5^ + Q a ^ cd ) and |(25^5^ -Q a i, cd ). Adapting this basis to a local frame on M 
allows us to express 

V jU e = a M e + 6^r a r_e + ic^r a6 e, (72) 

in terms of real one-forms a, b and c valued respectively in the U, U 8 and so(8)/so(7) factors of 
t e , corresponding to the intrinsic torsion associated with the so(7) x [Restructure. Notice that 
V„^ v does not involve c. Demanding that ^ be a conformal Killing vector fixes a_ = 0, a a = -b a _ , 



bl = and b a b + bba = 8 a bO-+- Consequently, from ( |72] >, one derives the twistor spinor equation 



Siyfi = j^T^e with respect to connection ^ = V M + t^, where t^ = B^ a FT- + \ C ab T a b- The 
component B^ a has B +a = = B_ a and = -§&[& a ] ~ |^&acd& cd 5 whence spanning so(7) < 
The other component Cf has Cf = -cf + \b Vab ^ - ±Q. abcd b cd , C ab = -c a _ b , Cf = -cf + 
\8 [ ?a b] - \Cl c abd a d , whence spanning T* Jt ®so(8)/so(7). 

From equation (3.34) in p9| , for bosonic supersymmetric backgrounds, setting to zero the full 
Poincare plus conformal supersymmetry variations of the gravitino and dilatino in the minimal 
conformal supergravity multiplet in ten dimensions also yields a twistor spinor equation. This 
follows after performing a Weyl transformation with parameter (p w/w , in terms of the dilaton 
(p that is defined in p9j with Weyl weight w. The twistor spinor equation from the gravitino 
variation is with respect to a connection with three-form torsion proportional to (p 54/w times the 
Hodge-dual of the seven-form flux for the six-form gauge field in the conformal supergravity 
multiplet. This can be identified with the connection Ql above only when t can be related to 
components of the three-form torsion. However, even when this can be done, the identification 
must also be compatible with the additional constraints which come from setting to zero the 
supersymmetry variation of the dilatino in the conformal supergravity background. 

8.1. Yang-Mills supermultiplet. The on-shell Yang-Mills supermultiplet in d = 10 contains 
a bosonic gauge field A^ and a fermionic Majorana-Weyl spinor A (we take A with positive 
chirality i.e. TA = A). 

The supersymmetry transformations on U ' are 

S £ A^ = eT^A 

8 e \ = -\F^I llv e, (73) 



where e is a constant bosonic Majorana-Weyl spinor with positive chirality. Squaring ( |73| ) 
gives 8 2 = + 8\ with gauge parameter A = -<^A^, after imposing the fermionic equation 



of motion BX = 0. Whence, the supersymmetry algebra closes on-shell. Under fl73) , one finds 
8 e (BX) = (D v F^ v )T^e, where B v F flv = is the equation of motion for A^. 

Up to boundary terms, the lagrangian 

^SYM = -\{F^,Fn- \(X,BX) . (74) 

is invariant under ( [73| >, and gives D V F^ V = and BX = as equations of motion. 

We now consider the minimally coupled version of ( |73| ) on a ten-dimensional lorentzian spin 
manifold jft . Notice that they are automatically Weyl-covariant on j$ . Squaring them gives 

8 2 £ A fl =L ( A^+B^A 

8 2 e X =<^%A + [A, A] - r /iV e(V /1 e)r v A+ [ee- \(]BX 

=L i X + [X,A] + (ee-^)BX 

+ i [9( V) 1 - (V^ v - 5er^ p V<V) T» v - {eT^ p V a e - ± V T ^v pffT ) T^P a ] X . (75) 



26 



DE MEDEIROS 



Determining the general conditions necessary for on-shell closure on ^tft is complicated by the 
possibility of additional terms modifying the fermion equation of motion. We will therefore not 
attempt to address this problem systematically However, we shall obtain an interesting class 
of solutions by focussing on the following ansatz. 

Consider an e which obeys the two conditions 

V^e = \H^ p T v Pe , G^e = ±H^ p r» v Pe , (76) 

for some three-form H and one-form G on j$ . The first condition implies V^^ v = |H^ V p£ p , 
whence ^ is a Killing vector. Hitting the second condition in ( |76| ) with e implies ^G^ = 0. 
Hitting it with eT a p and €T a pyS gives two more useful subsidiary identifies 

H 'fiv[a( p r s^ V = 2-H"[a/3y£<5] - (a^jS^G^ • (77) 

In fact, ^G^ = and ( [77| > are equivalent to the second condition in ([76]). 
Substituting fl76l into ( |75| > and using ( [77| > gives 

5 2 A fl = L i A fl + D fl A 
S 2 e A = LsA + [A, A]+[ee-±!]$ , (78) 

where 

$={B-G-\H)\. (79) 
Thus on-shell closure of the supersymmetry algebra is established for any e obeying ( |76| ), with 



$ - in ( |79[ ) describing the equation of motion for A. The transformation of ( |79[ ) under ( |73| ) 
gives 

^ = 95^6, (80) 

where 

23^ = D V F^ V - 2F^ V G V - ^H^ vp F vp . (81) 

The equation of motion for is therefore 23 ^ = and the on-shell identity D^QS^ = constrains 
the data in ( p76| > such that 

2V[ jU G v ] = - ^V p H^ vp +H IIvp G p . (82) 
If G = <fO, iU) implies d (e" 2 * *#) = while (76]> and ([77) imply 

V[« (e" 2 %) = A e- 2 *H^( afi p Vp (83) 



In that case, the equations of motion ( |79| ) and ( |81| ) follow from the lagrangian 

■l(Fp V ,Fn- \(\B A) + \a,MX)+ \H pv P(A^,d v A p + §[A v ,A p ]) 



e - 2 $ 



(84) 



Moreover, up to boundary terms, ( |84| ) is invariant under the minimal coupling of the super- 
symmetry transformations in ( |73| >. The prefactor e~ 2 * acts as an effective gauge coupling in 
( |84| ). For generic backgrounds with if ^ 0, notice that supersymmetry necessitates both a mass 
term for A and a Chern-Simons coupling for the gauge field. Closure of e~ 2 **if ensures that 
the Chern-Simons coupling is gauge-invariant. 

Before concluding with a brief discussion of supergravity backgrounds and decoupling limits 
for the on-shell theory above, it is perhaps worth making a few remarks about the novel (par- 
tially) off-shell formulation of supersymmetric Yang-Mills theory on R ' that was found by 
Berkovits in [40 1 (see also [41,42]). To match the 16 off-shell fermionic degrees of freedom of A, 
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the 9 off-shell degrees of freedom of A^ are supplemented by 7 bosonic auxiliary scalar fields 
(Tj, where i = 1,...,7. The supersymmetry parameter e is also supplemented by seven linearly 
independent bosonic Majorana-Weyl spinors Vj, each with the same positive chirality as e. The 
index i corresponds to the vector representation of the so(7) factor in the isotropy algebra of e. 

The supersymmetry transformations on U 1 ' 9 are 

8 e! yX = -\F^T tlv e + a i v i 

5 e;V ai = ViDX. (85) 
Squaring ( |85] > gives <5f v = + 5a off-shell, via the identities 

eT^Vi = Q, v i T fI v j = 6ij^, ee + ViVi = \% . (86) 
Furthermore, up to boundary terms, the lagrangian 

- \{F ilv ,Fn-\a,BX)+\(a i ,a i ) , (87) 



is invariant under ( |85| ). The action of t e on e and v; generates a nine-dimensional subspace 
of the sixteen-dimensional vector space of Majorana-Weyl spinors on U 1 ' 9 . Whence, this for- 
mulation is manifestly off-shell with respect to nine of the sixteen linearly independent super- 
charges in Minkowski space. 



On a curved ten-dimensional lorentzian spin manifold the minimal coupling of ( |85| ) is 
not automatically Weyl-covariant. However, the supersymmetry transformations can be con- 
formally coupled by adding an improvement term -§AVvj to the right hand side of 8 ev <Ji, 



relative to the minimal coupling of ( |85| ) on j$ . If e and Vj are twistor spinors, one finds that 
5g V = L$ + 8„ + 6a + 8 p off-shell, where 8„ is a Weyl variation with parameter a = - ^ and 
8 p is an infinitesimal so(7) rotation with parameter ptj = |(v^vy - vjWvi), provided the fields 



(A^, A,(7j) are assigned their canonical Weyl weights (0, -|, -2) 



The integral on jtft of the minimal coupling of lagrangian ( |87| ) is neither Weyl-invariant nor 
supersymmetric for generic twistor spinors e and Vj. Even for the subclass of algebraic twistor 
spinors, which yielded rigid supersymmetric lagrangian gauge theories in lower dimensions, 
one finds that there are no generic solutions which can preserve the off-shell rigid supersym- 
metry in ten dimensions. 

8.1.1. Supergravity backgrounds. The data (^,g,G = dQ,H = dB) solving ( p76| > correspond 
to bosonic supersymmetric backgrounds of minimal Poincare supergravity in ten dimensions 
(with dilaton $ and 2-form gauge potential B). From this perspective, the first and second 
equations in ( |76| ) correspond respectively to the vanishing of the supersymmetry variations of 
the gravitino and dilatino. A classification of all such backgrounds which solve the supergravity 



equations of motion was obtained in [ |43] - |45| | (as a subclass of the supersymmetric solutions of 
heterotic supergravity wherein the gauge sector is set to zero). 

Majorana-Weyl spinors in d = 10 can be thought of locally as vectors in [R 16 so there can be 
no more than sixteen linearly independent real e which solve ( |76| >. For a given background, 
let jY < 16 denote the maximum number of linearly independent positive-chirality Majorana- 



Weyl spinors solving ( [76] ). 



Let us now briefly survey of the landscape of ,jV > 8 solutions. As was first proven in [46 1, the 



only ,jV = 16 solution is M = U 1 ' 9 with G = and H = 0. Between 8 < ,JV < 16, there are only 



the ,jV = 10, 12, 14 'parallelisable' plane wave solutions found in [47 1 with G = 0. The jV = 8 
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solutions are classified in [48] and fall into three classes. In the first class, jtft is a lorentzian 
group manifold corresponding to one of the jV = 8 entries in table 4 of ||47p. In the second class, 
j& is a principle bundle P(<3,X), equipped with a connection C. The base X is a hyperKahler 
four-manifold, on which the curvature of C must be anti-self-dual. The fibre group (3 must 
have a six-dimensional lorentzian self-dual lie algebra which, via the results of [ |37[ , restricts 
<5 to be locally isometric to either R 1 ' 5 , AdS3 x S 3 or a plane wave. If C is flat, ^# is locally 
isometric to either (3 x X or a generalised five-brane solution with (& as its worldvolume and X 
as its transverse space. In the third class, j# takes the form of a superposition of fundamental 
string and pp-wave solutions together with a null rotation. 

8.1.2. Decoupling limit of Chapline-Manton theory. The theory constructed by Chapline and 
Manton in [49 ] describes the minimally supersymmetric coupling of Yang-Mills and Poincare 
gravity supermultiplets in ten dimensions. This provides a local on-shell representation of the 
supersymmetry algebra. We will now conclude with a brief explanation how rigid supersym- 
metric Yang-Mills theory on a supergravity background of the kind described above can be 
recovered from a particular decoupling limit of the Chapline-Manton theory. 

In the notation of p9j (with appended "CM" subscripts) we first set the gravitino i(/cm and 
dilatino Acm equal to zero. Now define O := | In 0cm, A := e*gYMlCM, H := 3\/2e~ 2 */c/cM in 
terms of their dilaton 0cm, gaugino ^cm and three-form field /cm, where k and gYM correspond 
to the gravitational and Yang-Mills coupling constants that we find it convenient to append to 
their expressions. To recover a supersymmetric background for the supergravity fields, the 
supersymmetry variations of Vcm and Acm must also be set to zero. However, this can only be 
done whilst keeping the fields the Yang-Mills supermultiplet dynamical in the 7c/gYM ~~ * limit. 
This is tantamount to taking the Planck mass to infinity whereupon the gravitational dynamics 
become decoupled. In this limit, one recovers precisely ( |76| ) and ( |73| ) from the supersymmetry 
transformations in equation (11) of [49 1. The lagrangian ( |84| ) corresponds to the ^-independent 
contribution to (10) in [49] that is subleading in the 7c/gYM - * limit. 
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